Ratios of strength properties of lumber are commonly used to calculate property values for standards. Although originally proposed in terms of means, ratios are being applied without regard to position in the distribution. It is now known that lumber strength properties are generally not normally distributed. Therefore, nonparametric methods are often used to derive property values. In some situations, estimating properties based on a parametric estimate is required. For these situations, the three-parameter Weibull distribution looks promising. To use this approach, procedures for estimating confidence intervals for ratios of p centiles from two Weibull populations are needed. In this study, we employed the large sample properties of maximum likelihood estimators to obtain a confidence interval for the ratio of 100α-th percentiles from two different threeparameter Weibull distributions. The coverage probabilities were investigated by a computer simulation study. We concluded that the procedure has considerable promise, but many questions remain to be answered. A limited number of free copies of this publication are available to the public from the Forest Products Laboratory, One Gifford Pinchot Drive, Madison, WI 53726-2398. This publication is also available online at www.fpl.fs.fed.us. Laboratory publications are sent to hundreds of libraries in the United States and elsewhere.
Introduction
Most of these ratios were originally established by analysis of mean trends. However, they are being applied without regard to position in the distribution. Recent studies have begun to focus on the ratio of properties at other percentile levels, especially the fifth percentile. These include studies of the effect of rate of loading on tensile strength (Gerhards and others 1984) , the effect of moisture content on flexural strength (Aplin and others 1986; McLain and others 1984) , and the effect of redrying on the strength of CCA-treated lumber (Barnes and Mitchell 1984) .
The ratio of two property estimates is commonly used in engineering design codes to establish allowable properties. For example, dry-green ratios (the ratio of small clear specimens dried to 12% moisture content to matched green specimens) are given in ASTM D2555 for a number of timber species (ASTM 1997b) and may be used to calculate allowable properties. Also, an E/G ratio of 16 is assumed in ASTM D2915 (ASTM 1997c) for adjusting the flexural modulus of elasticity (MOE) based on any span to depth ratio and several loading modes. As a third example, ASTM D245 specifies "strength ratios in tension parallel to grain are 55% of the corresponding bending strength ratios" (ASTM 1997a) . Strength ratios are the strength that wood with a defect (like knots) is expected to have compared with the strength of a clear piece of wood. So ASTM D245 is saying that a defect lowering the bending strength to 80% of a clear piece (a strength ratio of 80%) would lower the tensile strength to 44% (0.80 times 0.55) of the clear wood specimen bending strength.
It was once commonly assumed that lumber strength properties were normally distributed. It is now generally recognized that lumber strength properties are not normally distributed. Usually, nonparametric methods are now used for deriving allowable lumber properties (ASTM 1997c) . In some situations, however, a parametric estimate of lumber properties for reliability-based design is required. Based on empirical evidence (Aplin and others 1986 , Bodig 1977 , Hoyle and others 1979 , McLain and others 1984 , Pierce 1976 , Warren 1973 , it is the three-parameter Weibull that emerges as a serious candidate. To use this parametric approach to estimate ratios of lumber properties, it is necessary to develop procedures for estimating confidence intervals for ratios of percentiles from two Weibull populations.
Ratios often are used when it is not practical, or perhaps not possible, to conduct tests for all combinations of factors (such as grades, sizes, test modes, environmental conditions) that may affect allowable properties. In wood engineering, the usual practice has been to conduct extensive tests for one combination of factors and to develop ratios for adjusting allowable properties from the measured combination of factors to a different set of factors. A primary example of this problem is estimating tensile strength parallel to the grain. Due to experimental difficulties in determining the strength of wood stressed in tension parallel to the grain, relatively little data exist on which to base allowable tensile properties. Thus, tensile strength has historically been estimated as a percentage of bending strength (Galligan and others 1979) . A similar approach is taken in estimating the strength of lumber at various moisture content levels (ASTM 1997a, b) .
Typically the variability of ratio estimators can be very large. An underestimate of the property in the denominator and a corresponding overestimate of the property in the numerator of the ratio can result in a large estimate of the ratio. Correspondingly, an overestimate in the denominator and an underestimate in the numerator can produce a small estimate of a ratio. Since many decisions regarding ASTM standards are based on confidence intervals associated with an estimate of the ratio of properties, it is important to develop the best confidence limits on this ratio. The objective of this paper was to develop and evaluate procedures to create confidence intervals that have approximately 90% or 95% nominal coverage for the ratio of percentiles from two different be maximum likelihood estimates obtained from the two samples.
three-parameter Weibull populations. In an earlier study, Johnson and Haskell (1984) investigated large sample tolerance bounds and confidence intervals for percentiles from a single three-parameter Weibull distribution. In the Procedures section of this paper, we develop three large sample confidence interval procedures based on the earlier work of Johnson and Haskell and one procedure based on order statistics. Using simulation techniques, we then evaluate the performance of a large sample approximation to the distribution of an estimate of a percentile ratio.
In the single sample setting, Johnson and Haskell (1984) derived a large sample approximation for confidence intervals of percentiles from a Weibull distribution. Their 100(1 -γ)% confidence interval for the 100(1 -α) population percentile is
Procedures if occurs at the interior of Ω, where Ω is the parameter space (see Johnson and Haskell (1984) for a more thorough discussion of the parameter space) and
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with probability density function f(x) and 100α-th percentile given by where 
where (w 1 , w 2 , w 3 ) = (a, b, c). The second-order partial derivatives of the log-likelihood going into this estimated information matrix are Then the ratio of the population 100α-th percentiles is given by
when neither shape parameter estimate equals 1. The inequalities of the ratios will hold unless Since all values of a random variable with a Weibull distribution are assumed to be greater than or equal to the location parameter (c ≥ 0), any negative estimate of the lower confidence limit of ξ 2α can be replaced by 0, which would maintain the inequality. If either or both shape parameter estimates equal 1, then the modified maximum likelihood estimate and confidence interval based on the two-parameter exponential distribution can be used.
Since any combination of γ 1 and γ 2 that meet our restriction can be chosen, the procedure above can lead to a variety of confidence intervals for the same two sets of data. We could produce a "shortest" confidence interval by searching for the values of γ 1 and γ 2 that produce the shortest confidence interval. However, it is not clear that we would achieve the desired coverage with a shortest confidence interval and with the coverage dependent on the estimates of ξ 1α , ξ 2α, σ 1α, and σ 2α as well as γ 1 and γ 2 . It is also not clear that this procedure would lead to a simple confidence interval for our ratio.
So we can estimate the variance by
Method 2
If the estimated shape parameter has value 1, placing it on the boundary of the parameter space, Johnson and Haskell (1984) recommend using a modified maximum likelihood solution for the two-parameter exponential distribution. In this case, we take Instead, it might be better to employ maximum likelihood estimators to obtain a large sample approximation to the distribution of 1 2α
From a Taylor expansion, we see that and its estimated variance (Johnson and Haskell 1984) to obtain the confidence interval n 1 1 1 ln 1 
This suggests the large sample approximation n 1 1 1 ln 1
Then a large sample approximate (1 -γ) 100% confidence interval for ξ 1α /ξ 2α is given by
If we choose our confidence levels for each of two percentile estimates (which we denote by (1 -γ 1 ) and (1 -γ 2 )) such that (1 -γ 1 )(1 -γ 2 ) = (1 -γ), then by independence
Method 3
Since X ( r 1 ) and Y ( s 2 ) are independent, Note that a similar procedure could be obtained by considering
If we exponentiate the resulting interval for ln(ξ 1α /ξ 2α ), we can get a confidence interval that would be expected to work well if the normal distribution is a good approximation to where
and Finally, we can get a conservative confidence interval based on order statistics. If the sample size is sufficiently large, it is well known that r 1 and s 1 can be selected so that the order statistics X ( r 1) and X ( s 1) satisfy
where X has cumulative distribution F and Y has cumulative distribution G. The result can be simplified further by writing
where (1 -γ 1 )(1 -γ 2 ) ≥ 1 -γ, then Thus, given the true parameters for the two Weibull distributions, we could calculate an exact coverage probability for our confidence interval.
Computer Simulation
Since random variables with a Weibull distribution assume values greater than or equal to the location parameter, which is greater than or equal to zero, all of the order statistics will be greater than or equal to zero, which maintains the i quality. So the interval Although four order statistics are involved in the confidence limits, it is possible to express the exact coverage probability in terms of a single numerical calculation. 
Of the four methods of developing confidence intervals for ratios of Weibull percentiles, method 2 appears to offer the most promise of giving a unique solution that is not encumbered by having to pick two significance levels whose product is the significance level we want for our interval. To evaluate the statistical properties of this large sample confidence interval procedure using a simulation study, we generated an ordered sample of uniform random numbers, using IMSL (1987) subroutines and then converted these to Weibull variates from a specified Weibull population. Each value of these observations could, for instance, represent the modulus of rupture for a hypothetical piece of lumber. A second sample was generated in a similar manner from another Weibull distribution. Maximum likelihood estimates of the Weibull parameters and corresponding percentile estimates for the 2nd, 5th, 10th, 30th, 50th, 70th, 90th, 95th, and 98th percentiles were calculated for each sample. The 5th percentile was of primary interest since design values for strength properties are often 5th percentile estimates. The two sets of maximum likelihood estimators were then Nine runs were used to evaluate the coverage of the large sample confidence intervals for the ratio of the percentiles from two different three-parameter Weibull distributions. Earlier studies Haskell 1983, 1984) indicated that sample sizes of at least 100 are required to obtain relatively small variances and somewhat accurate normal approximations to the percentile estimates in the single population case.
For each run of our simulation, the sample sizes n 1 = 100 and n 2 = 100 were used. There were 250 replications at each set of conditions. The nine runs were a one-ninth run of a 3×3×3×3 factorial design as shown in Table 1 . We selected the particular values as shown in Table 2 .
These particular values were selected after examination of the parameter estimates in McLain and others (1984) and Aplin and others (1986) , which are typical of lumber industry applications. The particular location/scale ratios were achieved by keeping the location parameters fixed. Specifically, we selected location 1 = location 2 = 0.5 which meant the scale parameters associated with the coded values were as shown in Table 3 .
Results and Conclusions
Tables 4 and 5 present the empirical coverage proportions and the average length of the intervals for both the approximate 95% and 90% confidence intervals. From Table 4 , we see that, at the lower percentiles, the coverage of the 95% intervals is poorest for run 8, run 2, and run 5, in that order. The shape parameter for the first population is 2.75 for all these cases, but this cannot be pinpointed as the single cause because so many other parameters are changing. Because the runs were designed as discussed in section 3 to be a fractional factorial with main effects shape 1, shape 2, location 1/scale 1, and location 2/scale 2 , we can analyze them as such to get an idea of the sensitivity of our coverage probabilities to the parameters. Table 6 gives the mean square errors of the four main effects on the response variable coverage probabilities. The larger the mean square error, the more sensitive the result was to that effect. Table 7 gives the rankings of the effects from Table 6 . Table 7 shows that for percentiles in the tail of our distribution, our 95% confidence intervals are most sensitive to the shape parameter of the Weibull distribution in the numerator.
In view of the coverages for a single population percentile presented in Johnson and Haskell (1984) , this was almost better than could be expected. We again analyzed the coverage probabilities as a fractional factorial design. We see in Table 8 that our 90% confidence intervals are most sensitive to the shape parameter of the Weibull distribution in the numerator.
What should we conclude from all this? This is a very small study, but it does indicate that the procedure has considerable promise. A great deal more work should be completed before we can be sure that the promise is a reality.
The pattern is not so distinctive for the 90% confidence intervals (Table 5 ). Most importantly, the proportion of intervals that cover the true ratio of population percentiles is quite close to the nominal value in most cases considered. Some of the things that need to be done or questions we should try to answer are as follows:
1. We need to look at a wider range of shape, scale, and location parameters in a way that allows us to look for interactions in the variables. For wood-related applications, shape parameters from 1 to 10 would be a good range. Since the shape parameter is related to the coefficient of variation of data from a two-parameter Weibull, can we model the relationship of variability of the data and the needed sample size to get intervals of a certain width on ratios of percentiles?
2. It would simplify the simulation work if we could show that ratios of parameters (like location to scale) were the important factors.
3. The number of replications in this study was much too small. With the variability that comes with estimating Weibull parameters, we might need 1,000 to 10,000 replications to get four decimal place accuracy on our coverage probabilities. We certainly need to find out how many replications it takes to get highly repeatable results.
4. We need to look at different sample sizes. How good is this procedure when we have 400 in each distribution of 40?
5. We need to look at the design aspects of the problem. If we have 300 green wood specimens, how many should we dry to estimate a dry/green ratio for the material?
6. Can we get a closed form solution for the problem? If we go to a two-parameter Weibull distribution, how does this change things?
7. We also need to look at the other methods for confidence limits. How well does the nonparametric procedure (method 4) work? If we use method 3, how do confidence intervals it produces compare with the method 2 intervals? Is there an easy way in method 1 to pick our confidence levels to get a shortest confidence interval?
8. We could also expand the problem to other distributional forms. Both the normal and lognormal distributions are very useful in wood-related research.
Clearly several questions could be looked at, and the results in this paper imply that the procedure does have promise and should be investigated further. 
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